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Abstract. We prove that a class of monotone, Wi -contractive schemes for scalar conservation
laws converge at a rate of Az? in the Wasserstein distance (Wi-distance), whenever the initial data
are decreasing and consist of a finite number of piecewise constants. It is shown that the Lax—
Friedrichs, Enquist-Osher, and Godunov schemes are Wi-contractive. Numerical experiments are
presented to illustrate the main result. To the best of our knowledge, this is the first proof of second-
order convergence of any numerical method for discontinuous solutions of nonlinear conservation
laws.
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1. Introduction. Motivated by numerical results, we show that the class of
so-called W1 -contractive, monotone finite volume schemes for the scalar conservation
law

ur + f(u), =0, zcR, t>0,

1
) u(z,0) = up(x)

with decreasing and piecewise constant initial data ug(z), will converge to the entropy
solution with a second-order convergence rate in the Wasserstein distance Wj.

MAIN THEOREM. Let f be convex and let ug be piecewise constant and decreasing.
Then any monotone Wi-contractive finite volume scheme will converge to the exact
solution of (1) at a rate of Ax?, as measured in the Wasserstein distance.

The full theorem is stated in section 2.4. As is well known, the entropy solution for
this type of initial data will solely consist of shocks moving at constant speeds. Thus,
the entropy solutions considered in this work constitute a simple, but fundamental
class of solutions for (1).

1.1. The Wasserstein and Lip' distances. The Wasserstein distance W
(also called the Kantorovich-Rubinstein metric) is a metric on the set of probabil-
ity measures on R (see [18] for further details), and can be thought of as measuring
the amount of work required to “move mass” from one probability measure to an-
other; see Figure 1(a). According to the Kantorovich-Rubinstein duality theorem
(see Rachev and Shortt [12, Theorem 2.6]), the Wasserstein distance between two
probability measures p and v on R can equivalently be defined as

(2) Wi v) = sup / (@) (- v)(x).

llellip<t
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ha A L

(a) Wi-distance between two mea- (b) Wi-distance between exact and ap-
sures. pro><|mate solution of (1).

Fi1a. 1. The Wasserstein distance measures the amount of work (mass X distance) required to
move mass from one place (light blue) to another (dark red).

Here, the supremum is taken over all functions ¢ : R — R with Lipschitz seminorm
ll¢llLip = sup,_, |M| at most 1. Although normally only defined for probability
measures, the right- hand side of (2) is well-defined and finite as long as the difference
1 — v has mass (1 — v)(R) = 0, and decays sufficiently fast as  — +00. Given Borel
measurable functions u,v : R — R satisfying the analogous properties

(3a) /R(u—v)(x) de =0, /R|x||u—v|(a:) da < oo

we can define their Wasserstein distance (also called Lip’-norm) as

(3b) Wi(u,v) := sup /Rgo(x)(u —v)(x) de.

llellLip<1

The Wasserstein metric seems particularly suitable for comparing (approximate)
solutions of conservation laws. Given an exact solution v and an approximate solution
uag of (1), the difference u — ua, has zero mass as long as the numerical scheme is
conservative, and decays sufficiently fast under mild assumptions on the numerical
scheme. Thus, the Wasserstein error Wi (u, ua,) will be well-defined and finite.

In the works of Tadmor [16], Nessyahu and Tadmor [9], and Nessyahu, Tadmor,
and Tassa [10], the above metric (3b) was studied extensively in the context of con-
servation laws, but under the different name of the Lip’-norm. They showed that a
large class of monotone finite difference methods converge at a rate of Az in the Lip’-
norm for any initial data ug. Thus, our result can be seen as an improvement over
these earlier results for particular types of initial data, namely, those whose solutions
consist of shocks separated by constant states.

In [10] it was argued that for initial data with a smooth solution, the solution
computed by a (formally) second-order TVD method converges at a rate of Az?, as
measured in the Wasserstein (Lip’) norm. Although numerical experiments indicate
that (formally) second-order TVD schemes always converge at a rate of Az?, no
proof to this end is currently available. The present work can be seen as a step in this
direction.

1.2. Wasserstein and L' convergence. Apart from convergence results in
the Lip’-norm, the only generic result on convergence rates of numerical schemes for
conservation laws (1) is the O(Az"?) rate in the L' norm, due to Kuznetsov [8]. This
was improved to O(Az) by Teng and Zhang [17] for the particular case of piecewise
constant entropy solutions.

To motivate why the Wasserstein distance (or, equivalently, the Lip’-norm) is
more appropriate than the L' norm in the context of conservation laws, consider
Figure 1(b), which shows an exact solution of (1) containing a shock (solid curve),
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along with a typical numerical approximation (dashed curve). The L' distance
luaz — ul[z1(r) measures the area between the two graphs, indicated by dark red
and light blue. The height of this area is O(1) and the width O(Az), so the L! norm
will be O(Axz). The Wasserstein distance Wi(uagz, ), on the other hand, measures
the amount of work (mass x distance) that goes into moving the surplus of mass in
ua, (indicated in light blue) to behind the shock, where there is a shortage of mass
(indicated in dark red). The area of mass that needs to be moved is O(Az), and the
distance between the blue and red areas is O(Ax), so the Wasserstein distance will
be O(Ax - Azx) = O(Az?).

Numerical evidence indicates that this difference between the L' and W; distances
is generic, in that any finite volume method will always be at most O(Ax) in L!, and
at most O(Az?) in W1y, in the presence of shocks. Intuitively we see this from the
fact that even very high-order methods have a small amount of smearing near shocks,
and therefore the approximate solution will be of the form indicated in (the somewhat
exaggerated) Figure 1(b). Note, however, that in smooth (but nonconstant) regions
of the solution, the accuracy of monotone methods degenerates to O(Ax)—both in
L' and W;—as is to be expected.

1.3. Background and outline of the paper. The first monotone finite dif-
ference and finite volume methods for scalar conservation laws were developed by
Lax, Godunov, and others in the 1950s. The first generic result on convergence rates
was the O(Az'/?) estimate in L'(R) published by Kuznetsov in 1975-1976 [8]. This
approach was further developed in 1996 by Cockburn and Gremaud [1]. A (patho-
logical) counterexample due to Sabac (1997) shows that the Az"/? rate is sharp and
cannot be improved without further assumptions on the initial data [13]. Numeri-
cal evidence indicates that the convergence rate is in fact higher—usually somewhere
strictly between 1/2 and 1—for more “natural”, nonpathological initial data. This
was confirmed in 1997 by Teng and Zhang [17], who proved O(Ax) convergence in
L'(R) in the particular case of piecewise constant data with only shocks, which is
the setting considered in the present paper. Our approach follows that of Teng and
Zhang, although differing in certain important aspects.

A different approach to obtaining convergence rates was initiated in Nessyahu
and Tadmor’s 1992 paper [9]. Utilizing the dual equation studied by Tadmor in [16],
the authors proved that several finite volume schemes such as the Lax—Friedrichs,
Engquist-Osher, and Godunov schemes converge at a rate of O(Ax) in the Lip’-norm,
for arbitrary LipT-bounded® initial data (see also [10]). Nessyahu and Tassa [11]
extended the results to approximations u® with LipT-unbounded initial data, which
were shown to have a Lip’-convergence rate of O(e|Ine|). As argued in the previous
section, we believe that the Lip’-norm (equivalently, the Wasserstein distance) plays
an important role in the context of numerics for conservation laws and deserves to be
revisited.

Next follows an outline of the present paper. In section 2 we describe the context
of the Main Theorem and restate the theorem in more precise language. The rest of
the paper is dedicated to the proof of the Main Theorem. We start by proving a Wi-
stability estimate for monotone finite volume methods using a duality technique in
section 3. In section 4 we prove the Main Theorem in the case of a single initial jump.
In section 5 we first prove the Main Theorem for an arbitrary number of shocks up

uo(y)—uo(w))

vz + < co. Simply

LA function up : R — R is LipT-bounded if lluollLip+ = Supg,(
put, up can have negative but not positive jump discontinuities.
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until the first shock interaction time (Lemma 13), and then in section 5.2 we conclude
the proof of the Main Theorem using induction on the number of shock interactions.
In section 6 we present numerical results to illustrate our main theorem. Finally, we
end with some concluding remarks in section 7.

We remark that although we only consider 3-point finite volume schemes, our
proof works for any (2p+1)-point scheme. For notational convenience we only consider
the former.

2. Precise statement of main theorem.
2.1. The initial data and entropy solution. We consider a decreasing and
piecewise constant function ug : R — R, which can be written as
u® if < 2t

(4) up(x) = qu® if z

P <okt k=1,... K -1,
(K) 1 K<$

3

where u(© > ¢ > ... > 4K and 2! < 22 < ... < 2K, Here, K is a finite number
of jump discontinuities. If the flux function f is convex then it is well known that the
entropy solution of (1) is

u© i x < X(t),

(5) u(z,t) =< u® if XF(t) <o < XFH(t), k=1,...,K -1,
uF)if XK(t) < 2,

where

6) Xt = ot 4 Db, pp = L0 = FWE)

w(k=1) — (k)
up to the first shock interaction time ¢(y),

o . ok k=1

M) = % D1 — Dk

After t(;) we can construct the solution u(z,t) by finding the entropy solution to
(1) with initial data u(z,t(;)) with K — 1 (or fewer) shocks and then continue this
approach (at most) K — 2 times.

For simplicity we will denote the case of a single initial shock by

k=1 ifx <0
7 H®(z) ={" S
( ) (gc) {u(k) ifz > 0.

Clearly, the entropy solution with initial data H®)(z — 2*) is given by the traveling
wave

(8) u(z,t) = H® (z — X*(1)).

2.2. Monotone schemes and discrete shocks. We discretize the space-time
domain R x Ry as x;_1/, = (i —1/2)Az and t" = nAt for Az, At > 0. We will
denote A = At/Azx. The exact solution u of (1) is approximated in each cell I; =

[xi—l/m xi+1/2) by
1
ul ~ Az /1 u(z, t")d.
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The initial data are set as u) = 2 [, uo(z)dz. A numerical scheme of the form

n+1l _ n n n .
up T = Glugy, ug uily), i €L,

is monotone if G is nondecreasing in all three arguments, and is conservative if

sultt =3l for all n. It is straightforward to show [6, Proposition 1.1] that the
scheme is monotone if and only if there is a numerical fluz function F(-,-) which is
increasing in the first argument and decreasing in the second, such that

un+1 u (F(uz 7uz+1) F(u?—lﬂ u?)) ’

9) ?_A /uo e, (i € Z)

and a certain CFL condition is satisfied. The scheme is consistent if G(u,u,u) = u
for all u € R or, equivalently, if F'(u,u) = f(u) for all u € R.

Given a numerical solution u]' computed by (9), we extend it to all (z,t) €
R x [0, 00) by setting

(10) uag(z,t) = ul for (x,t) € I; x [t",t"T1).
It is clear that ua, satisfies for all (z,t) € R x Ry

(11)
Uag (T, t + At)

=upg(x,t) — )\[F(uAm(x,t), Ung (T + Ax,t)) — F(qu(x — Az, t), qu(x,t))},

or written in terms of the normalized function U(§,n) := uaz({Ax, nAt),

U(En+1) = U(gm) = A F(UEm), UE+1Lm) = F(UE =1L, UEm)].

Analogous to the traveling wave solution (8), we ask whether there exist numerical
solutions satisfying uaz(z,t + At) = ua.(z — DFAt, t) for all (z,t) or, equivalently,
U(é-, n+ 1) = U(g - Dk/\ﬂ?) for all (5777)

DEFINITION 1. A discrete shock for (9) connecting u*=1 and u*) is a function
U®) R = R satisfying

M (& — Dk

U2y - A[FE®(©.0M € + 1) - FEE-1),00(0)] veer

and limg_,_ oo UP (&) = w1 limg oo UF (€) = u®),

Note that (12) does not depend on Az or At, only on their ratio A = %. Thus,
any statement about discrete shocks (such as the existence Theorem 2) will be in-
dependent of the mesh size. The existence of discrete shocks for (9)—essential in
the proof of our main result—has been proven in several important cases. The first
existence result was given by Jennings [7], who proved the existence of a discrete
shock for (9) provided D*X is rational, that the numerical flux F is differentiable,
and the scheme is strictly monotone (i.e., F' is strictly increasing/decreasing in the
first/second argument). Enquist and Osher [2] showed existence for general mono-
tone schemes with a differentiable flux. The existence of discrete shocks, for both D*A
rational and irrational, has been proven for the Godunov scheme by Fan [3]. Serre
[14, 15] proved existence of discrete shocks for (both strict and nonstrict) monotone
schemes, including the Godunov scheme, for D) irrational as well. Assuming D*\

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/29/19 to 129.2.10.250. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

SECOND-ORDER CONVERGENCE OF MONOTONE SCHEMES 1925

rational, Fan [4] established existence of discrete shocks for, in addition to the schemes
mentioned above, second-order MUSCL schemes.
We summarize these results as follows.

THEOREM 2. Let u®) < w*=1) and f in (1) be convex. Assume that the con-
servative finite volume method (9) is monotone and that F is Lipschitz continuous
in both arguments. Then for every value u* € (u(k),u(k’l)) there exists a unique
Lipschitz continuous discrete shock for (9) connecting u*=Y and u® | satisfying

(13) U®(0) = u*,

and the point values U (€) depend continuously on the choice of u*. Moreover, there
are constants g, B > 0 such that

(14a) \U““) (€) - u““*”\ < Brem Ve,
(14b) 09 (€) — u®] < el VES -2,
and furthermore,

(15) S (0N +0 -0NE) =t —u®)  v(eRr

i€Z
We refer to [7, 2, 3, 14, 15] for the proof.

2.3. The discrete Wasserstein distance and Wj-contractivity. Before
stating the main theorem, we need to define Wj-contractivity and a discrete version
of the Wasserstein distance.

DEFINITION 3. For functions with piecewise constant values uag(x) = >, u;xr1, ()
and vag(x) =Y, vix1, (z) satisfying

(16a) Zui—vi =0, Z|l||uz_”z| < 09,
i€Z i€Z
we define their discrete Wasserstein distance (or DLip’-distance) as

(16Db) Wi p(uaz,vaz) ==  sup Z@i(ui—vi)AJs.
llelloLip<1 ™

Note that the condition (16a) is equivalent to (3a) for piecewise constant functions.
The supremum in (16b) is taken over all grid functions ¢(z) = Y. @ixr, (z) with

Pit1 — Pi

ip i= <1l
el = sup |2 <

DEFINITION 4. We say that the monotone scheme (9) is Wi-contractive if the fol-

lowing holds. Let un,(x,t) and va,(x,t) be computed by the inhomogeneous schemes
(17)

1
ul Tt =l — /\(F(u?,u;ﬂrl) — F(ul 4, u?)) + h'At, ud / uo(x) de,
I;

v
1
U;“rl =o' — /\(F(Uf,v;ﬂrl) — F(vf,l,vf)) + gl'At, U? = A_/ vo(x) dz,
X I;

where uy and vy are decreasing and h and g are such that the difference h™ — g™
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satisfies (16a) for every n. Then
N-1

(18) Wi (uae(Y),va:(")) < Wi p(uaz(0),v4,(0)) + At Z Wi,p(h",g")
n=0

for all N € N.

2.4. Statement of the main theorem. Using the existence of discrete shocks,
we will prove the following result.

THEOREM 5 (main result). Let f be convex and let uy be of the form (4). Let
u be the exact solution (5) and let ua, be the numerical solution computed by the
W1 -contractive, monotone scheme (9). Then there is a constant C' > 0 depending on
K and the size of the jumps (but not on Ax) such that

(19) Wi (u(, "), uas(- ")) < CAz? vV neN.

REMARK 6. By applying the Sobolev inequality || D f|| ()< CIID £ /7 1 £]| iz,
(cf. [5, Part 1, Theorem 9.3]) to an appropriate approximation of Df = u — ua, and
using (20), we recover the O(Ax) convergence rate in L' found by Teng and Zhang
[17].

3. Discrete dual problem and Wj-contractivity. In this section we prove
Wi-contractivity for a class of monotone schemes using a dual argument (sections 3.2
and 3.3). We begin by describing the relationship between the Wasserstein and dis-
crete Wasserstein distances Wi and Wi p.

3.1. The W; and W, p distances. In the present setting of one spatial dimen-
sion, both the Wasserstein and the discrete Wasserstein distances admit a particularly
simple form:

(20) Wi (u,v) = /R dx

[ = ay

— 00

and

(21) Wip(uasvas) = 3 |D_uj — vj| Az®.

i€Z | j<i

These are obtained by integrating (3b) by parts and replacing ‘;—i by its maximum
value of 1 (respectively, summation by parts of (16b) and replacing %% by its
maximum value of 1). Using these formulas, it is easy to show that the Wasserstein
and discrete Wasserstein distances coincide in some important cases.

PROPOSITION 7. Letuaz andvaz be piecewise constant functions satisfying (16a).
Then

(22) Wi(uaz, vaz) < Wi,p(uaz, Vag)-

If additionally

(23) /w (uaz —vaz)(y) dy =0 (or <0) VaxelR
then

(24) Wi(uaz, vaz) = Wi,p(uaz, Vaz).
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Proof. Denote p; = ﬁ fli p(z)dx for any ¢ € Lip(R). Then ||¢|pLip < |l¢|lLip,
S0

Wi(uaz,vaz) = sup /Rgo(x) (upny — vaz) (z) dx

llelleip<t

— s Z/g@(x) dz (u; — v;)

llellip<t =~ JI;

= sup > @i(ui —vi)Az < Wy p(uas,vas).
lelluw<1

Under the condition (23), the terms inside the absolute values in (20) and (21)
have a fixed sign, so the absolute value can be moved outside the integral (sum). By
using the fact that uaz, va, are piecewise constant, we get

Wi (uag, vaz) = /R/Zo(um(y) — vaa(y)) dydx
- Z/I /_;(UAw(y) —vaz(y)) dydx

€L

I

€L

Z(uj —v;)Az? 4 (u; — vz)/ (T —2i_1) da:)

j<i L;

=2 <Z(Uj —v)Az® + (u; — Ui)%)

i€Z \j<i

= Z Z(uj —v;)Az”| = W1 p(uag, vas)

i€Z j<i

(the second-last step following from the fact that ), u; — v; = 0). O

Next, we prove a simple result on the Wasserstein error of projection onto piece-
wise constant functions. Below we use the standard notation

v(x + h) —v(z)

N dx

TV(v) = lir}? s(tle/R
—

and we let BV(R) ={v:R—=R : TV(v) < o0}.

PROPOSITION 8. Let v € BV(R) and define v; = == [, v(x)dz and var(z) =
Y icz ViXr (), the piecewise constant projection of v. Then

(25) Wi (v,vaz) < TV (v)Az>.

Proof. We use the formula (20):

W1 (U, UAJC) = /

R
%

:/11.

dzr

[ o) = sty ay

— 0o

| o) - enstw) dy\ dr
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—va:(y) dy| dx

Ti_1/2

< AxZ/ [v(y) — vae(y)| dy < Az*TV(v). 0
i

3.2. The discrete dual problem. The following auxiliary lemma gives the
stability of a (backwards) dual equation, and can be seen as a (special case of a)
discrete version of [16, Theorem 2.2].

LEMMA 9. Let ¢} satisfy the backward difference equation

‘PnH 2 1 1 1 1 1
(26) thl + Ax (A? (Pif — i) + B (o — i) )) =0
where
(27)
0<AY AT, 0> B, > By}, AP, -BP) <1 for all i and n.
Then

™ IbLip < ll¢"HpLip V¥ 7.

Proof. Define ¢ := (¢ — ¢ ;)/Az. Taking a difference of (26) in space, we see
that v satisfies

O =t o (AP - AR Bt - B )

= (1= M(A"y — BP)) ¢t + MNATYIE + (—AB )¢”+11.

By our assumptions on { A}z and {Bf* }iez, each coefficient is nonnegative, so upon
taking absolute values we get

| < (L= A (A7) — BP)) 0P 4+ AAP [ = ABP [,

Since {A?}iecz and {B!'}icz are decreasing sequences, the coefficients sum up to at
most 1, and so

7| < max ([0, [Ws 9 -
This proves our claim. a

We use Lemma 9 to prove the following Wi-contractivity result using a duality
argument.

THEOREM 10 (W;-contractivity). Let ug,v9 € L>®(R) be decreasing functions
whose difference ug —vo satisfies (3a). Let uaz(x,t) and vag(x,t) be computed by the
monotone, inhomogeneous schemes (17). Assume that we can write

(28) Flui uiy) = F(of,vl) = A (uf = off) + Bl (uily — o),
where A} and B}, satisfy (27). Further, assume that the CFL condition

At
— mnax
Ax u<La,b<u

oF 1 At

or 1
Ja 9@ b)' S Az u<ab<u

@ b)' 2’

where w = min; uY and U = max; uY, is satisfied. Then the scheme is Wi-contractive.

(29)
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If the flux is only Lipschitz continuous, we interpret 9, F and 9, F in (29) as the
Lipschitz constants of F'.

Proof. We follow a duality approach similar to [9, Theorem 2.1], although our
proof differs in some important aspects. By (22) in Proposition 7, it suffices to show
that

N-1

Wl,D (uAr(tN), UAI(tN)) < WLD(qu(O),UAz(O)) + At Z Wl,D (hn,gn).
n=0

Let ¢! be any grid function with ||¢" " pLip < 1. Then

A$Z¢n+1 n+l n+l)
- szso”“[ F— o = A(Fuf ) = Py uf) = Ff,ofi) + Ffy, o))
+ At(hD — gf)]
Using (28), we get
szso”“[ ot = A (A7 (= of) + Bl (uf — i)
— A (s — o) = BY (uf = of) ) + At(h) = g7)]
=223 [or A (A7 (e =i + B (et — o))t — o)

—|—Z<p"+l (R — g AzAt,

where in the last step we have applied summation by parts and used the fact that

n+1An

lim e (ul —v}) =0, lim <p"+1Bn( r—u') =0

(which follows from the fact that u® —v° satisfies (16a)). We choose now ¢ to satisfy
the discrete backward problem

(30)
@ = @ A(AR (prf =) + B (@ =), m=0,. N1

(which coincides with (26)). Then

(B1) > et (uptt — ot Ar =D o (ul —vP) Az + Y @l TR — g) AzAt.

Iterating over n, we find that

Do (= o) Ar = sz ud — o)) Az + Z anﬂ (h2 — g7) AzAt.

Under our assumptions on A, ug,vo, {AF}icz, {B!}icz, and the CFL number \ =
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AL the conditions (27) of Lemma 9 are satisfied. Thus, [|¢™|pLip < [[¢” |[bLip for
n=0,...,N, and so

Zgofv(ufv —UZ-N)ACE
l N—1

< ||@OHDLipW17D(qu( 'UAz + Z H‘)OTH_ ||DL1pW1 D(hn,g")At
n=0

N-1
< leM IpLip <W1 p(uaz(0),va2(0)) + Z Wi,p(h"™,g" At)
n=0

Taking the supremum over all ¢~ with [|¢™||pLip < 1 gives the desired result. a

3.3. Wi-contractive schemes. For decreasing initial data wg,v9 € L*°(R),
several monotone schemes satisfy condition (27) and are therefore Wi-contractive. In
this section, we show that the condition is satisfied for the Lax—Friedrichs, Enquist—
Osher, and Godunov schemes. These schemes have Lipschitz continuous fluxes and
So we can write

F(uyvu;ll) - F(“?ﬂ”?—i—l)

1
o o o
- /0 ds (F(o + s(uff —of'), vy + s(uiyy —vily)) ds
1 oOF n n n " n N
=), oa (1 =)o + sul, (1 — s)vly + sulyy) ds(ul’ — o)

1
8F n n n n n n
+ /0 ER ((1 —s)v;" +su, (1 — 5)”i+1 + 5“1‘+1) ds(ui+1 - U¢+1)

(32) = AP (uf = vi") + Bify (uify = vit)-

fud < wuf ; and v) < oY ; for all i, then by monotonicity, also u? < u ; and
U” < v, forall i € Z and n € N. Hence, the convex combinations above satisfy

)l + sul < (1 —s)v | +sul | foralli € Z and s € [0, 1].
3.3.1. Lax—Friedrichs scheme. The Lax—Friedrichs flux,

—

0
%

1 1
Fla,b) = 5(f(a) + /() = 55 (b—a).,
is differentiable, and the partial derivatives are
OF 1(, 1 OF 1(, . 1
%—g(f(a)+x)a %—g(f(b)—x>-

Inserting these into (32) and remembering that the flux f is assumed to be convex
and that |f’(u)| < A, we see that (27) holds for this scheme.

3.3.2. Enquist—Osher scheme. Similarily, the Enquist—Osher flux,

F(a,b) =

N =

b
(Fla) + ) = 5 [ 17 (@)da.
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is differentiable with partial derivatives

oF

1 OF
Oa 2

(@) + 17 @), o = (-0,

As for the Lax—Friedrichs flux, it is easily seen that the scheme satisfies (27).

3.3.3. Godunov scheme. As f is convex and b < a for decreasing solutions,
the Godunov flux takes the simple form

wd) = max flu) = 4@ 1 f(a) = (),

(33) F(a,b) b@%aﬂ ) {f@) if f(a) < £(b)

with
OF _ [ f'(a) if f(a)> f(b), or _Jo if f(a) = f(b),
da 0 if f(a) < f(b), ob fI(b) if f(a) < f(b).

With f convex, f’ is increasing, and we can observe, by inserting dF, and dF} into
(32), that the Godunov scheme also fulfills (27).

4. Convergence rate for one initial jump. In this section we consider the
case of a single initial jump ug(z) = H® (z — 2*) (cf. (7)) with u*~1) > 4®) and we
prove that any Wi-contractive, monotone finite volume scheme converges at a rate of
Az? (Theorem 12). To this end, we first show that the difference between the exact
solution and a discrete shock is O(Az?) (Lemma 11), and then apply Theorem 10

and the triangle inequality to conclude.
Recall from (8) that the entropy solution in this case is

(34) H® (2,t) .= H® (2 — X*(1)).

According to Theorem 2, there exists for every u* € (u(®), u(*~1) a discrete shock
U®) connecting v*~Y and u® such that U®)(0) = u*. Define

(35) v (2) = S UP (i), ().

€L

By selecting the middle state u* appropriately, we may assume that
(36) / H® (z) = v® () dz = 0.
R

Together with the exponential decay property (14), this ensures that H ®) () sat-
isfies (3a), so that the Wasserstein distance Wy (H®,V*®)) is well-defined. Defining

37) VO = o (250 ),
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it is clear that V) is a solution of the numerical scheme (11) with initial data
V&) (z,0) = V) (), and satisfies the exponential decay

(38a) ‘V(k) (x,t) — u(kfl)’ < Preole=X @)1/ Az Vx < XE(t) 4+ 24z,

(38b) ‘V(k) (x,t) — u(k)‘ < ﬁke*aklwfx‘“(t)\/&r Vx> XE(t) — 2Az

(possibly with new constants «y, and 8;). Moreover, from property (15) we find that

o:/RVU“)( ) — dx—AxZ[ x/ziH(k)( )dx]
:sz [UW (xT) = / H® (g (t))dx}
+ sz {UUv) (X;) —y® <9Cl _A)ik(t))
_A%; /1 H® () = H® (4 — Xk(t))dx}
=Azy :U(’“) (x_T):(’“L)) - Aix H(k)(x,t))dx]

4 I;
— Xk(t) (u(k—l) _ u(k)) _ Xk(t) (u(k) _ u(k—l))

—Ary :U(k) (x_T):(t)) - Alx/ H® (a, t)da:]

B

= / VE (2, 6) — H® (2, 1) da.
R
Thus,
(39) / H® (z,t) = V¥ (1) do = / H® (z) = V®) (2) de =0,
R R

so the difference H (k)( t)—V®) (., 1) satisfies (3a), and hence the Wasserstein distance
Wi (H®(-,t) = V® (., 1)) is well-defined.

LeEMMA 11. For anyt > 0,
(40) Wi (HO(0), V(1) < cas?,
where H®) and V¥) are defined in (34) and (35), respectively, and C only depends

on u*=Y gnd u®)

Proof. We write out the representation (20) of the Wasserstein distance, apply
a change of variables, and split the integrals into negative and positive values of the
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integrated variable:

124] (H(k)(-,t), V(k)(-,t))

-,
-,

/m H® (y — X*(t)) = VW (y,t)dy|

— 00

/m H® (y) = V® (y + Xk (1), t)dy| d

0
:/ / H® (y (k)(y—l—Xk() t)dy| dx
+ ‘/ H® (y (k)(y—i-Xk(t),t)dy dx
0
0
= / ub=t —yk )( —|—Xk(t),t)dy dx

0o 0
+/ ‘/ uk=D — v (y 4 xR, 1) dy
0 0o

—|—/ ul® —V(k)(y—l—Xk(t),t)dy dx.
0

From (39) we see that
0 oo
/ ut=D v E) (g XF(t),t) do = / VE (2 + XF(),t) — u® da,
oo 0

so the above can be written as

124] (H(k)(-,t), V(k)(-,t))

0 x
= / / b= —y k) (y+ Xk(t),t)dy dx

— 0o

+/ / V(k)(y+Xk(t),t)—u(k)dy+/ u®) — V) (y + XF(t), t)dy| do
0 0 0

0 x
= / / b=t —y k) (y+ Xk(t),t)dy dx

— 0o — 0o

+/ / V(k)(y—i—Xk(t),t) —u(k)dy
0 x

0 T oo 0O
</ / ﬁkeakﬁdydx—i—/ / Bre” 2% dyda
0 T

_2& 2

dx

where we have applied the exponential decay estimate (38). d
We are now ready to prove the main theorem 5 for the special case K = 1.

THEOREM 12. Let ug contain a single, negative jump as in (7), let un, be com-
puted with the Wi-contractive, monotone finite volume method (9), assumed to be
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Wi -contractive, and let u be the entropy solution. Then under the CFL condition
(29),

41 Wi (uaz(-,t"), u(-, t")) < CAz? Vi >0
(41) (una(- "), u(-, "))

for a constant C > 0 only depending on u*=1 and u(¥.

Proof. The exact solution is u(x,t) = H®)(x,t), as defined in (34). Applying the
triangle inequality and Lemma 11, we get

Wl (qu('v tn)a U(', tn)) < Wl (qu('v tn)v V(k)(v tn)) + Wl (V(k) ('7 tn)v H(k) ('7 tn))
<Wi (uAI(-,t”),V(k)(-,t")) + CA2.
By the stability estimate (18) in Theorem 10 and by Proposition 7, we have

Wi (qu(-,t"),V(k)(-,t")) < WLD(UM(-,O),VW)
— W, (qu(~,0),V(k))

<W (qu(-,O),H(k)(-,O)) + W, (H(k)(~,0), V(k))

and by (25) and Lemma 11 with ¢ = 0, the above is bounded by CAxz?. O

5. Convergence rate for K initial jumps. In this section we prove the main
theorem 5 in its full generality, for any (finite) number of shocks K € N. We first
consider only times ¢ < £(;) (where #(1) is the time of the first shock interaction), and
consider arbitrary times ¢ > 0 in section 5.2.

5.1. Error before shock interactions. The following lemma proves the main
theorem 5 for any K € N, but before any shock interactions.

LEMMA 13. Under the CFL condition (29), there is a Cx > 0 such that
(42) Wi (u(-,t"), uAI(-,t")) < CrAz?

for 0 <" < ta)-

Proof. We use the intermediate solution @(z,t), similar to the one introduced in
[17],

K
(e, t) = u(a,t) + Y [VW (z,t) — H®) (z, t)}

k=1
K-1 K
=— Z u®) ZV(k) (z,t),
k=1 k=1

defined for 0 <t < #(y). After time ¢t = #(;), a new intermediate solution with K —1
terms (or fewer) is defined in the same manner. Here, as before, X* and V*) are
defined in (6) and (37), respectively. Each modified discrete shock wave V() is chosen
such that (39) holds.

By the triangle inequality, the error in (42) can be bounded by

Wi (u(, t"), ups (- ") < Wi (u(-,t"), a(- ")) + Wi (a(-, t"), uag (-, t")).
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From repeatedly applying the triangle inequality and Lemma 11, we easily obtain
(43) Wi (u(-, t"),a(-,t")) < CrAz?

for 0 < t" < t(1). Thus, to complete the proof, we need to show that

(44) Wi (a(-,t"), uas(- ")) < Cx Az®.

The intermediate solution @(x,t™) satisfies the inhomogeneous finite volume method
(17) with the right-hand side

h(z, 1) = Aix (P(ae. 1), e + Aa, 1) — F(a(e — Aa, 1), a2, 1))
K
—~ Aix Z(F(V(’“) (2,t"), VP (2 + Az, "))
k=1

— F(V®(z — Az, t"), V¥)(a, t”)))

forn =0,...,N — 1, where N is the largest integer such that ¢V < t(1)- We can now
use Theorem 10 with the above h and with g = 0 to prove (44). The initial data are
bounded by

K
Wip (al(-,0),uas(-,0)) < S Wi p(HL)(-,0),VP(-,0)) < KOA2?,
k=1

where Hgiz (z,0) is the piecewise constant projection of H®*) (z — x*). Each term in
the sum above is bounded exactly in the same way as the initial data in the proof of
Theorem 12.

So it remains to show that

N-1
(45) At Wi p(h(-t"),0) < CxAz®.
n=0

Thus, we need to estimate Wy, p (h(-,t"),0) in (18) for each time step ¢™ < tV~1. We
have

i — XE(m
V) (g4 Az, t") = Z U <$Ta:()> xr (z + Az)

i

=5 u® <%:(tn)> X1z ()

=Y u® (9” + AQCA;Xk(t”)) x5.(@).

Denote Vi(k)’” = V") (z;,t") and @ = a(z;, t") = — Zf:_ll u®) 4 Zszl Vi(k)’". By

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/29/19 to 129.2.10.250. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1936 ULRIK S. FJORDHOLM AND SUSANNE SOLEM

adding and subtracting Zsz_ll f(u™®) and applying summation by parts, we get
Wip (h(, t"), 0)

= sup Y | F(uf,afy,) - F (i, uf)

lellbLip<1 ™

K
=3 (P — P Vf’""))]

k=1
K K-1
= sup Z(pi < al,uly ) ZF i”) + f(u(k))>
llellpLip<t ™ k=1 k=1
K K-1
_( a' |, a ZF ),n)+ f(u(k))>‘|
k=1 k=1
K . . K-1
= sup — Z(%‘H — i) | F (af afyy) — ZF(VQ( n Vz(dn) + f(u(k))l
llellprip<1 i k=1 k=1
K K-1
= sup A$Z7/)z (a, ) — ZF(Vi(k)m, Vl(ﬁ’n) + f(u(k))‘|
llllece <1 k=1 k=1
K K-1
=AY |F(ap,aly) - S FVE VI £ 3T pu®)).
i k=1 k=1

Let

Z(t) == (X*()+ Xt (t), s=1,....K-1

N =

Continuing from above and denoting @"(z) = @(x,t") and V) (z) = VF) (g, ¢7),
we get

Wi,p (h(-t"),0)

= / F(a"(a:), a"(x + Aa:)) — Z F(V(k)’”(x), V(k)’"(x + Ax)) + f(u(k)) dz
R k=1 k=1
K—1
= Z j(s))n
s=0
where we have split the integration domain over
Z () Z5 (™) o0
J(O)’":/ ..o.dx, J(S)’":/ ...dx, j(K_l)’":/ ..o.dx
— 00 Zs(tn) ZKfl(tn)

(for s =1,..., K —2). Let F\""(x), F*P(2), F{¥ (), and F*) (x) (where [ is cither
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k or k — 1) be such that
F(®) = F(v®(2), v (2 4 Az))
= FD () (u® = vOr(2)) + B8O @) (u® = VO (@ 4 Ax))
and
F(a"(x),a"(x + Az)) — F (V" (2), VO (2 + Az))
= FP) (@) (@ (@) = V(@) + B @) (@ + Aw) = VOr (2 + Az ).
Specifically, we can write

F{0 (@)
1
= / Z—Z ((1 —a)uW +aV®r (), (1 - a)u® + aV®" (2 4 Aa:)) da,
0
R
1
= / %—Z ((1 —a)u + oV () (1 - a)u® + aV® " (2 4 Ax)) do
0
F{) (@)
LOF
= - — (s),m
| Fe (0= 0@@ +avo),

(1 —a)a"(z + Az) +aV " (2 + Ax)) da

= [ (0w @) )
(1 —a)a"(x + Az) + aVEm (33+Aa:)) da.

Let us first consider the first interval, J(@-". The last interval, 7&~1:" can be
treated similarly.

Z(t™) K
JOm = / F(u"(z),a"(z + Az)) Z F(V®m(g), vk 4 Az))
o k=1
K-1
+ f (™) dx
k=1

Fb(l)(x) (V(l),n(x + Az) — a"(z + Aa:)) dx
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z )| K
-

Flkk=1) (V(k)7 (z) — u(kfl))

+ B (@) (VO (@ 4 A u(k_l))}

K
~FO@) Y (V(k)’”(x) _ u(k—l))
k;2
Fb(l)(x) Z (V(k)’”(x + Azx) — u(kfl)) dx
k=2

/th)

i (P40 = PO @) (v (@) )

+ (A V@) - BV @) (v (@ + Ax) - u(kl))] dax.

All values of 4, V), and u® lie in the bounded interval [uf), u(®)]. Thus, FFD (),
Fb(k’l) (x), F) (x), and F(S)(x) are bounded for all k =1,..., K. Therefore,

K Z(t™)

j(o) <ch/

Since Z'(t") < X*(t") for k = 2,..., K for all t" < {(1), we can apply (38a) to both
terms in the above integrand and obtain

K ZH(t™)
JOn < Z Ckﬁk/ exp <—ak
) dx
x— XF(t")

k=2 —oo
Ar ) dz

r+ Az — XF(t")
z — Xkt ) dx]

‘V(k)’”(x) — u(k_l)‘ + ‘V(k)’”(x + Azx) — u(k_l)‘ dz.

o0

r— XFE(@")
Ax

) as

r— XF(t")
Az

Z1 (")
/ exp <—ak

Z (™)
—|—/ exp (—ak

ZH ")+ Az
+ / exp <—ak
Z1(tm)

Az
Az

2 ZH () — XE(tm)
— AN OB —exp< —)
kZ; kRPk Az
+exp (_ak M@A;amwyn )1

for some 0,20)’” € [0, 1], by the mean value theorem applied to the last integral. By a
similar argument we get

ZK—l(tn) _ Xk(tn)

Az '

— 2
JE-Dn < Ag Z Ckﬁk—exp <

k=1
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Next, let us look at the intermediate intervals. The approach is similar to the

above. We start by splitting the sum in a specific way,

ARRI (A0
J&n = F(a"(x),a"(z + Az))

Zs(tn)

K K-1
= FVE ), VE (@4 Ax)) + Y f(u))|da
=1 k=1
s+14n K
_ ZET(t™) Z [Fék’k_l) (JJ) (V(k)’n(l’) _ u(k—l))
Zo(t")  |k>st1

+ Fb(k’kfl)(x) (V(k)’"(x + Az) — u(k_l))]

+ 3 {Fék’k)(x) (VO (@) - u®)

k<s+1
+ B (@) (VO (@ 4 Aa) - u“ﬂﬂ
+ FE (@) (VO (@) - a(a))

i Fb(erl)(x) (V(S+1)’”(x + Ax) —a"(z + Aa:)) dz

K
Z [(Fék,k—l)(x)_ s+1) )(V(k) uk— 1))
@)

Zs+1 (tn)

k>s+1
i (F (k,k— 1) F(s+1

{(ka) — F @) (VO (a) - u®)

k<s+1

+ (A9 @) = B @) (v (@ + Ax) - u(k))]

Z (F (e=1) () — s+ (4 )) (V(k),n(x) _u(k_l))

k>s+1

+ (A V(@) = B (@) (VO (@ + A) — w0 |da

Ze+L(tm)
<[

-
Z2(t7)

FE (@) = FED (@) (VOO (@) - u®)

k<s+1

+ (Fb(k’k) (x) — Fb(SH)(x)) (V(k)’"(x + Az) — u(k)) dx

::jfﬂﬂl+>J§$JR

For J(S)’" we have

Yoo

k<s+1 Z5(tm)

Ve () — u(k)‘ + ‘V(k)7”(x + Az) — u(k)‘ dx.

(V (x + Az) — (k_l))}

dx
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Since Z*(t") > X*¥(t") for k =1,...,s, we can use (38b) to conclude that

(- 20 X’f(t”)) |

s),n < &
VA < 2Azx Z Cr— exp Ar

a
k<st1 k

Similarly to the estimate of J(»" we use the fact that X*(¢t") > Zst1(t") for
k> s+ 1 to get

+ ok

Zs+1 (tn) _ Xk(tn)
Az
Zs+1(tn) _ Xk(tn)
Ax

&73

K
(s):n <A i _
AT <A Y ckﬁk[ak exp(

k>s+1

+ exp <—o¢k

for some Gl(fm € [0,1].
We now need to sum up the error of these integrals in each time step. We have

N1 N-1K-1
At ST Wip (h(z,t"),0) <At S ST gn
n=0 n=0 s=0
N—1 Ko
< At Z (j(0)7n+j(K1),n+ Z jl(s),n+J2(s),n> '
n=0 s=1
Let
A et
s,k — Ds — Dk’

which is the interaction time of two shocks, and recall that tV ! < t(1y < tsk and
ZsH (") < XE(t") for k = s+ 2,..., K. We estimate jl(s) as follows:

N—1
ALY g

n=0

N-1 K

2 ZS+1(tn) _ Xk(tn)
< AtA — -
x Z Z Cr.Br o exp < o s )
n=0 k>s+1
Zs+1(tn) _ Xk(tn) Sn
+ exp (—ozk s + 9,2 ) )

K tst1,k 2 Zs+1 (t) _ Xk(t)

cr 5 an [ [ (o020
0 ay Az
k>s+1
ZS+1(t) - Xk(t) (s),n
—qp | ——————=+6.” dt
+ exp ( g Az + 0, >
K
2Ax Az
<A
gck;l Cr B [ai(Ds+1 D52 _ 2Dk) + an(DsHL t D52 _ 2Dk)‘|
= O(Az?).
By similar treatment of the other integrals, we get (45). 0
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5.2. Error after shock interaction. We can now conclude the proof of the
main theorem.

Proof of main theorem 5. To conclude that (19) holds for all time steps " and
for any number of shocks, we use induction on K. We showed in Theorem 12 that
Theorem 5 holds for K = 1. We assume that Theorem 5 holds for initial data with
at most K — 1 > 1 shocks. Let ug have K initial shocks and fix N € N such that
tV < t) < tN+1 By Lemma 13, the result is true up to time ¢ = ¢, so it suffices
to consider times t” > tV+t1

Let vﬁ“(x t) be the numerical solution with initial data v} **(z) = u(z, tV+1)
and let v¥_(,t) be the numerical solution with initial data v{’ (z) = u(z,t"). By the
induction hypothesis we have

Wl( (- VT, X;fl(-,tm)) < Cg-1A7°
for any m > 0, and by the stability Theorem 10, we have
Wi (02 (™), wan (Y +67)) < W (A, 0), uase (V).
Thus, the error at time tN+1 +¢™ is
4%} (u(-,tN“ + ™), upgs (VT + tm))
<Wi (u(.,tN“ M), oVt m)) W (vgjl( ™Y, ung (VL 4 tm))
< Cx 1Az + Wip (vggl( ,0), un( tN+1))

< OK_lez +Wip (Ug;rl( 70)a ng('a At)) +Wip (ugw(’ At)v qu(', tN+1)) :

:51 252
Let v)¥ and v;' ™ be grid values so that v¥_(2,0) = 3, vy, (z) and v) 1 (x,0) =
N“XI( ). Since
1
Nt = E/I u(z, tN ) da
=) — ar ), Flu(mipay, tY +1)) — flu(zioip, tY +1)) dt,
we get
At

&= sup sz%< 1N+1 .N+—(F(va, in-l) F(vij\il,va))>

leliprip<1 Az

At
= sup AQ:Z%( s f(u($i+1/2,tN +1)) — f(u(xi,l/Q,tN +1)) dt

lpaz|lDLip<1

At
+t AL (F(of¥,ofty) - F(”lNl’UlN))>

At
= sup Z(%‘H — i) < ; F(@ippo, Y + 1) = F(off 0fly) dt)

||<PAz||DLip<1

—sz

(i1, tY + 1) — F(o)Y,0}4) dt|.
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Denote by S C Z the set of indices ¢ where v} # v/} ,. This set has at most 2K
elements, so

51 = A:EZ

i€S

+sz

igS

At
; f(u(gci+1/2,tN +1) — F(va,vﬁl) dt

At
(@i, tN +1) = Fo) o) dt
0

At
< ATAtC2K + Azy (u(@iays, Y +1) = f(0]) dt

i¢S

= AzAtC2K,

the last equality following from the fact that u(w; 41y, tN +¢) = v for 0 < ¢ < At
for all i ¢ S. Moreover, by Theorem 10 and the proof of Lemma 13,

E < Wi,p(vA,(,0), uas(- "))
< Wl,D (’ng('a 0)711('3 tN)) + WLD({L(', tN)vqu('vtN)) < Csz
We can conclude that

Wy (u(-,t"),uAr(-,t")) < CrAz?

holds for all ", thus finishing the proof of Theorem 5. d

6. Numerical experiments. To illustrate the main theorem, we look at a nu-
merical approximation of Burgers’ equation on the interval [0, 1],

(46) m+<%§f:a

with initial data containing two jumps,

2, x < 0.25,
(47) up(z) = < 1, 0.25 <z <0.5,
0, x > 0.5.

We use the Godunov scheme, i.e., the monotone scheme (9) with Godunov flux func-
tion (33), and a CFL number of 0.3. The exact solution is

2, <025+ L5t
u(z,t) =<1, 0.25+ 1.5t < z < 0.5+ 0.5¢,
. 2> 0.5+05t

(==

for t < 0.25 and

w(a ) = 2, x < 3/8+t,
0, 2 >3/8+14,

for t > 0.25. At t = 0.25 the two shocks interact. The initial condition is plotted
in Figure 2(a). In Figures 2(b)—(c) we see the exact solution and the numerical
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B 2 2
1.5
1 1 1
0.5
0 0 0
0 0.5 10 0.5 1 0 0.5 1
(a) Initial condition. (b) Solution at t = 0.15.  (c) Solution at ¢t = 0.3.

F1a. 2. The nitial condition (47) and the ezact solution (solid curve) and numerical approxi-
mation (dashed curve) of (46) before and after shock interaction. The color coding is the same as
in Figure 1.

TABLE 1
Convergence rates for the Godunov scheme before the shock interaction, t = 0.15.

n Lt L' 00C W1 W1 O0C
32 | 4.078 x 1072 1.775 x 103
64 2.735 x 102 0.577 6.523 x 104 1.445
128 | 1.604 x 10—2 0.770 2.063 x 10~ 1.661
256 | 8.478 x 10~3 0.920 5.699 x 10~3 1.856
512 | 4.419 x 10~3 0.940 1.452 x 102 1.973
1024 | 2.121 x 10~3 1.059 3.632 x 10~6 1.999
2048 | 1.060 x 103 1.001 9.081 x 10~7 2.000
4096 | 5.341 x 104 0.989 2.270 x 10~7 2.000

TABLE 2
Convergence rates for the Godunov scheme after the shock interaction, t = 0.3.

n Lt L' 00C W1 W1 O0C
32 2.848 x 102 8.644 x 10~4
64 1.986 x 10—2 0.520 2.208 x 10~4 1.969
128 | 6.780 x 1073 1.550 3.955 x 10~° 2.481
256 | 3.646 x 10~3 0.895 8.788 x 10~ 2.170
512 | 1.176 x 10~3 1.632 1.892 x 106 2.215
1024 | 9.863 x 10~ 0.254 5.291 x 10~7 1.838
2048 | 3.710 x 104 1.411 1.182 x 107 2.163
4096 | 2.255 x 10~4 0.718 3.308 x 10~8 1.837

approximation before (¢t = 0.15) and after (¢ = 0.3) shock interaction. Tables 1 and
2 show the observed rate of convergence of the numerical approximation before and
after the shock interaction; it is clear that the W, error is O(Az?), as claimed. The
L' error is O(Az), as was shown in [17].

Tables 3 and 4 show the convergence rate of the second- and third-order ENO-
schemes using third-order Runge-Kutta time integration and, in space, the Godunov
flux with second- and third-order ENO reconstructions at the cell boundaries. Al-
though the existence of discrete shocks has not been proven for higher-order schemes
such as the second- and third-order ENO-schemes, we also observe a first-order con-
vergence rate in the L'-norm and a second-order rate in the Wi-distance, as shown
in Tables 3 and 4.

7. Conclusion and outlook. With decreasing initial data consisting of a finite
number of piecewise constants, we show that any monotone, Wj-contractive finite
volume scheme will converge to the exact solution of (1) at a rate of Az? in the
Wasserstein distance, both before and after shock interaction. The proof of the main
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TABLE 3
Convergence rates for the second-order ENO scheme with Godunov flux at t = 0.15.

n Lt L' 00C Wi Wy 00C
32 2.125 x 10~2 5.080 x 10~
64 | 1.032 x 1072 1.042 1.480 x 10~ * 1.779
128 | 5.307 x 103 0.960 3.824 x 10~5 1.953
256 | 2.604 x 10~3 1.027 9.684 x 10—6 1.982
512 | 1.492 x 10~3 0.804 2.432 x 106 1.994
1024 | 6.553 x 10~4 1.187 5.965 x 10~7 2.027
2048 | 3.319 x 104 0.981 1.496 x 107 1.995
4096 | 1.628 x 10~ 1.028 3.783 x 10~8 1.984

TABLE 4
Convergence rates for the third-order ENO scheme with Godunov flux at t = 0.15.

n ! L' 00C 7 Wy 00C
32 1.568 x 102 3.454 x 10~4
64 | 6.516 x 1073 1.267 8.128 x 10~5 2.087
128 | 3.528 x 103 0.885 2.104 x 103 1.950
256 | 1.696 x 10~3 1.056 5.286 x 10~6 1.993
512 | 9.825 x 10~4 0.788 1.329 x 10—6 1.992
1024 | 4.078 x 10~4 1.269 3.186 x 10~7 2.061
2048 | 2.205 x 104 0.887 8.219 x 10~8 1.955
4096 | 1.060 x 10~4 1.056 2.065 x 108 1.993

result relies on the existence of discrete shocks and on the Wi-contractivity of the
scheme. In section 3.3 we show that the Lax—Friedrichs, Engquist—Osher, and Go-
dunov schemes are Wi-contractive, but a general result for all monotone schemes is
ongoing work.

In addition to illustrating the main theorem in this paper, the numerical results in
section 6 show a second-order convergence rate in W; for both the second- and third-
order ENO schemes in the MUSCL formulation. Fan [4] has established existence of
discrete shocks (for D*X rational) for certain second-order MUSCL schemes. This
suggests that it might be possible to prove existence of discrete shocks for a more
general class of schemes and thus extend the main result of this paper.

Our analysis only applies to monotone schemes, and to an admittedly simple class
of entropy solutions. Nonetheless, the main result, together with the numerical results
for the higher-order ENO schemes, strongly suggests that measuring the approxima-
tion error in the Wj-distance may be the path to proving higher-order convergence
rates. However, numerical evidence shows that the O(Az) convergence rate obtained
by Nessyahu, Tadmor, and Tassa [10] is optimal for general LipT-bounded initial
data. Hence, it is necessary to use (formally) higher-order methods in order to tackle
general initial data. The Wi-convergence rates of (formally) second- and higher-order
schemes for more general initial data will be investigated further.

Finally, we mention that although the W3-distance is also easily defined in several
(spatial) dimensions, there are currently no results on the Wi-convergence of schemes
for multidimensional conservation laws.
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